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Abstract
We show that the Bloch oscillation in semiconductor superlattices under the ex-
ternal dc bias is able to generate nonclassical photon states. On the single-subband
condition, the time development operator of the photon field in such systems is ob-
tained and is shown to be equivalent approximately to the displacement operator,
the quadrature-phase amplitude squeezing operator, or the optical Kerr operator,
depending on the external dc bias. Such equivalence is discussed in terms of Wannier-
Stark ladder formation. The effects of intersubband transition of electrons are also
investigated.
1 Introduction
Generation and control of quantum states of light have been extensively studied recently,
and, in particular, the quadrature-phase amplitude (QPA) squeezed state and/or the
photon-number squeezed state have attracted a considerable interest among engineers in
application areas as well as fundamental researchers. So far, such states have been gener-
ated by using optical nonlinear susceptibilities [1].
On the other hand, a rapid progress in fabrication of nanoscale structures has made it
possible to' see typical quantum-mechanical effects such as ballistic transport and tunnel-
ing. In particular, a growing attention has been paid to superlattices with an alternating
sequence of potential barriers and wells.
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In this Paper, we investigate the time development of the quantized electromagnetic field
(photon field) in superlattices under the external dc bias and show quantum-mechanically
that the Bloch oscillation is able to emit coherent radiation. Specifically, it is revealed that
the system can also emit nonclassical light, say QPA squeezed light and/or photon-number
squeezed light, which can be controlled by the modulation of the external dc bias.
This Paper is organized as follows. In Sec. 3.2, after a brief review of Bloch oscillation
we introduce the interaction Hamiltonian between quantized photon field and electrons
in semiconductor superlattice. Section 3.3 is devoted to the analytical calculation of the
time development operators for several cases of external dc field. Effects of intersubband
transition are studied in Sec. 3.4.
2 What is Bloch oscillation?
2.1 Acceleration theory
We consider the tight-binding Hamiltonian of conduction electrons in semiconductor su-
perlattice with a periodicity d, which consists of (2N + 1) quantum-wells. In the presence
of electric field E(t), such Hamiltonian is given by
(1)
hm (h~) is the annihilation (creation) operators in a well m; the first term gives the (field-
dependent) site energies and the second term describes hopping to nearest-neighbor wells.
Here, we have prescribed .6.0 and .6.1 as the energy of the isolated quantum-well state and
four times the nearest-neighbor interaction energy, respectively. In this Section, we assume
that the gap energy between subbands is so large that the excitations to higher subbands
can be neglected.








under the Fourier transformations
(4)
where k is the wave number along the superlattice axis. Equation (3) gives a quasicontin-
uous energy spectrum corresponding to a subband dispersion as shown in Figs. l(a) and
(b).
In the presence of an electric field E(t), the translational symmetry of a superlattice
potential is broken, and the Bloch electron in the superlattice shows a striking behavior,
say Bloch oscillation [2, 3] in both the wave number and real space according to the so-called
acceleration theorem [4]:
k(t) = k eA(t) = k _ eJdtE(t)0+ Ii 0 Ii' (5)
where ko and A(t) are an initial wave number and a component of vector potential along
the superlattice axis, respectively. Equation (5) is also available from Newton's kinetic
equation d(lik)jdt = -eE(t). We can introduce the pseudo-wave number in Eq. (5) unless
the electric field IS strong enough to collapse the subband picture. Using the Fourier
transformations
{
bA _ 1 '"' -imk(t)db
A
m - y2N+l wk(t) e k(t)
At _ _1_ imk(t)d"t ,
bm - y2N+1 Lk(t) e bk(t)
as well as Eq. (4), the Hamiltonian in the presence of electric field is rewritten as
H(t) = L {.6.0 - .6.1 cos [k(t)d]} bl(t)bk(t)
k(t) 2




The time-dependent Hamiltonian in Eq. (7) is diagonalized at each instant of time in the
Hilbert space of accelerated wave number in Eq. (5). Since the electric field E, regardless
of its time-dependence or independence, accelerates electrons in a subband homogeneously,
the electrons with different initial wave numbers ko never catch up with each other. So we
can use the accelerated wave number states as an instantaneous bases.
Because the Bloch oscillation leads to a THz oscillator device emitting a coherent elec-
tromagnetic radiation, its phenomenon has been intensively studied theoretically and ex-
perimentally in recent years [7].
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2.2 Model and Hamiltonian
The electric field operator in our system (see Fig. 2) is described by
(8)
(9)
where the first term Eo represents the external dc bias and the second term represents the
quantized photon field. In Eq. (8), E1 is the electric field per photon, w is the frequency
of the alternating field, and a (at) is the photon annihilation (creation) operator. (In this
Paper we shall consider only a single-mode quantized field.) Using Eq. (8) in Eq. (5), we
find the accelerated wave number, and, substituting it into the dispersion relation Eq. (7),
we can obtain the time-dependent Hamiltonian
il(i) = t:{~o - ~1 cos [kod- flBOi+ fl~l (ae-iwt +ateiwt)]}btJk"
where nBO and nBl are the characteristic frequencies defined as nBO = eEod/1i and nBl ==
eEld/li, respectively. Specifically, we obtain the photon Hamiltonian by employing the
independent electron picture and choosing a ko = 0 state [8],
(10)
(Here we neglect the constant term ~o.) As mentioned above, the electrons in a subband
do not interact with each other, say, the initial wave number ko is a good quantum number.
So the assumption of a choice of ko electronic state holds without loss of generality.
The Hamiltonian in Eq. (10) describes the interaction between a Bloch electron in dc
biased superlattice and the single-mode quantized photon field. Since the photon field
operators are contained in the Hamiltonian nonlinearly, we can expect various optical
nonlinear effects. It is difficult to treat this Hamiltonian exactly. Therefore we employ
some approximations as follows:
1l(t) ~ - ~l {eif2Bot _ ~~~ [a2ei (f2 BO -2W)t + (2at a +1) eif2Bot + at2ei(f2BO+2W)t]
+~:l [aei(f2BO-W)t + atei (f2 BO +W)tJ} +H.c. (11)
Here, we had recourse to the second-order Taylor expansion in nBI/w. Because we confine
ourselves to the case of THz-order frequency w (nBl « w), the expansion is justified.
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3 Time development operator: analytical results
Now, we shall have the time development operator
U(t) = T {exp [-* I t dtIH(t')]} , (12)
by using Hamiltonian in Eq. (11). All information about the temporal evolution of the pho-
ton field is contained in the operator U(t). As pointed out by some previous papers [5, 6],
the matching ratio between nBO and w plays an important role in the temporal evolution of
the system. In the following, we shall concentrate on some interesting matching ratios with
which U(t) can be calculated analytically by resorting to the rotating-wave approximation
(RWA).
The nBO = w case: We apply RWA to Eq. (12), say, neglect the terms which has the
oscillatory time dependence (e.g., at ei(nBO+w)t) because their contributions are averaged out
in the time integral. As a result, the time development operator is reduced to
where
U(t) = exp(o:a t - o:*a), (13)
0: = - ~l OBI t. (14)
4fi w
The operator corresponds to the displacement operator D(o:) in quantum optics [1], which
leads the initial vacuum state 10) to the coherent state 10:). So the mean photon number
of the quantized photon field is amplified and coherent radiation with frequency nBO is
emitted from the vacuum state. The amplification is due to the resonance effect between
Bloch oscillation frequency nBO and cavity frequency w.
We can also interpret this correspondence by the concept of Wannier-Stark ladder forma-
tion [7]. Figure 3(a) shows the schematic diagram of the real-space energy state of electron
in dc biased superlattice. The localized electron can move through the superlattice due to
the tunneling to the nearest-neighbor quantum-well and subsequent transition via photon
emission (or absorption) with energy finBO . So the Hamiltonian of the system is given by
'1J _ ~1 nBI . (A At)TL---Z a-a
4 w '
with the resultant time development operator rewritten as in Eq. (13).
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(15)
The !lBo = 2w case: When !lBo = 2w is satisfied, the contributions of the terms except
for a 2ei (nBO -2w) and a t2 e- i (nBO-2w) are averaged out in the time integral. As a result, the





The operator corresponds to nothing but the QPA squeezing operator S(~) in quantum
optics, which leads the initial coherent state to the QPA squeezed state. When the nonlinear
optical process such as four-wave mixing is used to generate the QPA squeezed light, the
powerful pump beam, which can be treated classically, is needed [1]. In our scheme, the
external dc bias plays such a role. And, similarly to the !lBo = w case, we can also
interpret this correspondence by using the concept of Wannier-Stark ladder formation as
in Fig. 3(b). The localized electron can move in the superlattice due to the tunneling to
the nearest-neighbor well and subsequent transition by two-photon emission (or absorption)
with energy n!lBo/2. So the Hamiltonian of the system is given by
(18)
with the time development operator rewritten as in Eq. (16).
Generally, when !lBo = mw is satisfied with positive integer m, the contributions of the
terms except for the amei(nBo-mw) and atme-i(nBo-mw) are averaged out in the time integral,
and the time development operator is calculated as
(19)
The modulation of the external dc bias lets us control the energy spacing between nearest-
neighbor quantum-wells, and it leads to the m-photon transition.
In the !lBo = 0 case: This condition corresponds to the case that the external dc bias Eo
is absent. When we apply the RWA to the Hamiltonian Eq. (11), the terms proportional
to ata (and constant terms) are left alone, which do not affect the temporal evolution of
the photon field. So we shall expand the trigonometric functions up to a higher-order
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Corresponding unitary Generated quantized
operator U(t) photon states
D(a) =exp(aat - a*a) Coherent state
S(~)=exp (~ca2 - ~~at2) QPA squeezed state
UK('Y) =exp (t'Yat2a2) Photon-number squeezed state
(concretely, up to the fourth-order) term and neglect ata (and constant) terms. In such a
case, the time development operator is available as
(20)
where
'Y = ~1 (nB1 )4 t. (21)
41i w
This unitary operator corresponds to the optical Kerr operator UK ('Y) discussed by Kita-'
gawa and Yamamoto [9], who showed that this yields photon-number squeezing. The
Hamiltonian they discussed consists of a four-photon process of the single-mode quantized
photon field, and the similar process can be expected to occur in the superlattice.
When the external dc bias is absent, the potential shape of the superlattice is affected
by the quantized photon field itself and it is tilted alternately as schematically shown in
Fig. 3(c). The electron transferred via tunneling to the nearest-neighbor quantum-well
would experience the subsequent transition. However, the energy levels are alternately
shifted upward or downward. So we can interpret that the transitions by photon emission
and photon absorption occur in the same quantum-well site. If we expand the trigonometric
functions up to the fourth-order, the fourth-order (the second-order) term corresponds to
two-photon absorption and two-photon emission (one-photon absorption and one-photon
emission). The fourth-order term gives the Hamiltonian term proportional to a f2 a2, and it
corresponds to the Kerr-like interaction.
Table I summarizes the generated quantized photon states mentioned above.
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4 Intersubband transition
In this Section, we shall investigate the effect of the intersubband transition of electron(s)
to consolidate the results obtained in the previous Section.
We consider the tight-binding model of a two-subband system, written as
~ ~ {[ b ] ~t ~ ~~ (~~t ~ ~t )1-l(t) = m~N ~o + meE(t)d bmbm - 4 bmbm+1 + bm+1bm
+ [~~ +meE(t)d] c~cm + ~i (CmC~+l + Cm+1C~) + V(t) (bmc~+ Cmb~) }
(22)
Here the first (second) two term give the lower (upper) subband tight-binding Hamiltonian,
and last term is the one responsible for the on-site intersubband transfer. (V(t) is the matrix
element dependent on the electric field E (t) ).
This Hamiltonian does neglect the transition matrix elements between different sites, but
it contains the essential physics for the problem [10]. Note that the hopping parameters of
upper and lower subbands are written with opposite signs because of the difference in the
parity between corresponding localized Wannier functions in each of isolated quantum-well
states.
The Hamiltonian Eq. (22) can be also written in terms of accelerated wave number basis
by resorting to the Fourier transformation Eq. (6), that is,
(23)
By introducing the independent particle picture as well as Eq. (10) and putting ~g = ~o,
we can reduce Eq. (23) to
(24)
where, Sz,' S_, and S+ are Pauli pseudo-spin operators. Equation (24) is analogous to
the so-called Jaynes-Cummings (JC) model, which describes the interaction between the
discrete two-levels of an atom and quantized photon field [1, 12]. Instead of eigenstates
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corresponding to discrete levels, however, we consider two-subbands of semiconductor su-
perlattice which have quasicontinuous spectrum. Furthermore, the matrix element of in-
tersubband transition V(t) is given as follows:
V(t) = n[90 + 91 (ae- iwt + ateiwt ) + 92 (a2e-2iwt + at2e2iwt)
+93 (a3e-3iwt + at3e3iwt) + ...J, (25)
where the first term describes zero photon transition via dc bias (Zener tunneling), the
second one does a single photon transition, and the left ones correspond to multi-photon
transitions. Because we now consider the subbands which have quasicontinuous spectrum
unlike the discrete spectrum in atomic level, various (linear- and nonlinear-) transition
process are possible and all of them are contained in Eq. (25). In the following, we calculate
quantities numerically by using Hamiltonian Eq. (24) and approximations shown in Eq. (11)
to discuss the intersubband transition.
We make no attempt in this Section to evaluate the coefficients 90,1,2,3, ... from the first
principle, since we are interested in the consideration of not quantitative but qualitative ef-
fects of intersubband transition on the results obtained in previous Section (single-subband
condition). And to make the effect clearer, we set the coefficients much greater than their
real values estimated from typical superlattice parameters.
4.1 Transition via photoabsorption (-emission)
First, we investigate the effects of intersubband transition via photoabsorption (or emis-
sion). On such a viewpoint, the matching ratio between .6.0 (separation of subband mid-
points) and nw (energy of a photon) is expected to play an important role as conjectured
from the analogy with J C model.
Figures 4(a) and (b) show the temporal evolution of the mean photon-number (h) in the
case nBO = wwith .6.o/nw = integer and .6.o/nw i- integer, respectively. (In the following
calculations, we include up to triple photon transitions in Eq. (25).) Comparing these
figures, one finds that the mean photon-number is suppressed (worse amplifier) under the
resonance condition in Fig. 4(a). This results can be interpreted as follows: The photon
field prepared in vacuum state 10) is amplified by corresponding displacement operator
Eq. (13) on condition that nBO = w is satisfied, as led in Eq. (13). The displacement
direction in phase-space is decided by the phase of cOlnplex nUlnber 0', proportional to the
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hopping energy 6 1 , As already mentioned, the phase of 6 1 is different by 7r between lower
and upper subbands due to the symmetry of the localized Wannier functions. Thus the
displacement directions are opposite with each other so that they are counteracted and
the mean photon number is not amplified very much in case of Fig. 4(a). Unlike this, in
Fig. 4(b), an electron is localized in lower subband almost all the time, since the matching
ratio 6o/nw is out of resonance and the transition to the upper subband is suppressed. It
leads to the displacement in one direction in phase-space and the amplifier works effectively.
In Fig. 5, maximal value of mean photon-number is plotted as a function of matching ratio
nw/~o. This figure also shows that if the resonant condition 6o/nw = integer is satisfied,
effectiveness of amplifier is decreased.
Figures 6(a) and (b) show the temporal evolution of the QPA variance (~fl) in the nBO =
2w case for 6o/nw = integer and ~o/nw f::. integer respectively. Comparing these figures,
one finds that the QPA variance becomes larger (worse squeezing) under the resonant
condition Fig. 6(a). And, similarly to the nBO = w case (Fig. 4), we can also interpret this
results as follows: An electron experiences the QPA squeezing in the phase-space under the
condition nBO = 2w, and the direction is decided by the phase of complex number ~ given
in Eq. (17). The squeezing direction in the upper subband is orthogonal to the one in the
lower subband because of the phase difference by 7r between these pair of subbands. So, in
the resonance case of Fig. 5(a), the QPA squeezing is suppressed with a large probability
of the intersubband transition. In Fig. 7, the minimal value of QPA variance is plotted
as. a function of matching ratio nw/~o. This figure shows that if the resonant condition
~o/nw = integer is satisfied, squeezing effect is weakened.
In general, the intersubband transition counteracts the contributions of individual sub-
bands summarized in Table 1, if the two-subband have opposite curvature. So we need
to take the parameter values which forbid the intersubband transition such as ~o/nw f::.
integer, for the purpose of achieving the quantized photon states caused by the single
subband condition.
We here make a comment on the existing works which treated the alternating field classi-
cally [5, 6, 13]. In those papers, analytic formulas for dynamical localization and intersub-
band Rabi oscillation were derived, from which resonant transition between quasienergy
bands were revealed. Whereas, we have treated the ac field as quantized photon field
together with an approximation of truncating Taylor expansion in the second-order in
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Eq. (11). This approximation is effective in investigating the dynamics of quantized pho-
ton field. The neglected higher-order terms correspond to the tilt with the ac field, and
striking products such as the quasienergy bands and the dynamical localization can not
be introduced under the approximation. So the necessary condition to yield the higher
probabilities of intersubband transition is slightly different from the one given in [6] and
becomes
(26)
with positive integer i and j. A laborious calculation gives the expression for the Hamilto-
nian avaraged over time including the effects of the higher-order terms:
with nBO = mw. Replacement of the creation and annihilation operators by c-number
amplitudes vn yield the quasienergy spectrum proportional to Bessel function
E = - (8.0 /2) Jm (2vr;nBO /w).
4.2 Zener tunneling
In the case of multiple-bands system with an applied dc electric field, it is well known that
the dc field adds an essential new feature to the dynamics of carriers, say, Zener tunnel-
ing [3]. Rotvig et al. have studied coherent transport of one-dimensional semiconductor
superlattices within two-subbands model [14]. They found that coherent oscillation between
the subbands can occur at special values of the applied field, where there are avoided cross-
ings of the two interpenetrating Wannier-Stark ladders arising from essentially different
bands.
Fig. 8(a) shows the temporal evolution of the electronic inversion (Sz), that is, the
population difference between upper and lower subbands, when only the dc field is tuned
to the resonant coupling between Wannier-Stark states without including the quantized
ac field in Eqs. (24) and (25). We can see the stable plateaus corresponding to the Bloch
oscillation and instantaneous bursts due to the Zener tunneling at the zone boundaries. In
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Fig. 8(b), maximal value of electronic inversion is plotted as a function of matching ratio
linBO / ~o. This figure shows that, if the resonant condition
(28)
is satisfied for a positive integer j, complete population inversion can be accomplished.
The condition corresponds to the case aligning adjacent Wannier-Stark states in quantum
wells j lattice spacing apart, in the Wannier-Stark ladder picture. They are referred to jth
Zener resonance.
Furthermore, by setting proper parameters, we can observe the competition between
two kinds of intersubband transition: photoabsorption (or emission) transition and Zener
tunneling in the time domain. If the initial state for quantized photon field (electron)
is prepared in vacuum states (lower subband), an electron can not absorb photon and
the intersubband transition via photoabsorption is prohibited. On the contrary, Zener
tunneling to the upper subband is allowed regardless of the photon states so long as the
resonance condition Eq. (28) is satisfied. So, the early stage of the temporal evolution,
Zener tunneling dominates the intersubband transition as shown in Fig. 9(a). In Fig. 9(b),
temporal evolution of mean photon number is also plotted for clarity, indicating that the
Zener tunneling hardly change the photon number.
The excited electron can create photons via transition to the lower subband with photoe-
mission, and mean photon number increases in the next stage. Therefore the intersubband
transition with photoabsorption (and emission) is allowed, dominating the temporal evo-
lution of (Sz), and there we can not observe the Zener tunneling.
After a while, the mean photon number gradually decrease thanks to Zener tunneling to
a lower subband and subsequent photoabsorption. And then the transition via photoab-
sorption is prohibited again and the Zener tunneling appears markedly, as shown in Fig. 9.
The temporal evolution of electronic inversion continues this cycle thereafter.
Generally, under the resonant condition given in Eqs. (26) and (28), we can observe the
Zener tunneling when the mean photon number is relatively smaller than ~o/liw, and, if
the photon, number is greater than it, the photoabsorption (and emission) dominates the
intersubband transition in the time domain. By using quantized photon field instead of
the classical one, we can sweep the two kinds of intersubband transition.
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5 Summary
In this Paper, we have described the external dc biased superlattice interacting with a
single-mode quantized photon field. Under some approximations, the time development
operator is equivalent to either one of the displacement operator iJ(a), the QPA squeezing
operator S(e), or the optical Kerr operator UK(r) under the single subband condition. We
can easily control the corresponding quantized photon states by the external dc bias. Even
for the case of finite intersubband transition rate, which reduces the controllability, the
scheme is still possible with use of the best set of parameters. Thus it offers a method for
generation of nonclassical photon states without having recourse to usual optical nonlinear
materials.
Finally, we would like to mention the analogy with Josephson-Junction [15] driven by
constant dc current. By replacements ~0/2, OBO' and OBI with -EJ , Io/2e, and II/2e
in Eq. (10) respectively, we can obtain the interaction Hamiltonian between single-mode
quantized photon field and tunneling Cooper pairs. (Where EJ , 10' and II are Josephson
coupling energy, external dc current, and alternating current per photon respectively.) The
scheme also has a fine controllability of quantized photon field and can emit nonclassical
light.
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Figure 2: Schematical illustration of our system. The conduction electrons in semiconduc-
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Figure 3: .Illustration of the electron motion in an infinite superlattice due to photon
emission (and absorption): (a) !lBo = w case; (b) DBO = 2w case; (c) DBO = 0 case. The
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Figure 4: Time evolution of mean photon number in case of nBO = w: {n) is plotted
as a function of a normalized time t' = 1:::.otlli for (a) liw11:::.0 = linBo l1:::.o = 0.5; (b)
liwl1:::.o = linBo l1:::.o = 0.3. Initial state at t' = 0 is the vacuum state 10) for the photon
part and the lower subband I -!-) for electron part. Numerical parameters are chosen as
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Figure 5: Maximal value of mean photon number {it) during temporal evolution versus
matching ratio 11,wI 1:::.0 (= linso l1:::.o). Numerical parameters are the same as in Fig. 4.
Dashed line corresponds to the calculation without intersubband transition (gO,1,2,3 = 0).
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Figure 6: Time evolution of QPA variance in case of iho = 2w case: (D.fl) is plotted
as a function of a normalized time t' = D.ot/li for (a) liw/D.o = linBO /2D.o = 0.5; (b)
liw/D.o = linBO/2~0 = 0.3. Initial state at t' = 0 is the vacuum state 10) for the photon
part and the lower subband I .p for electron part. Numerical parameters are chosen as
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Figure 7: Minimal value of QPA variance (D.iP) during temporal evolution versus matching
ratio liw/ ti~ (= 1inBo/2D.o). Numerical parameters are the same as in Fig. 6. The Dashed
li.p.e corresponds to the calculation without intersubband transition (gO,1,2,3 = 0). (In the
figure, the numerical calculations of temporal evolution are terminated at a proper i'. )
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Figure 8: (a) Time evolution of electronic inversion in the ninth Zener resonance case:
(Sz) is plotted as a function of a normalized time t f = ~ot/h. Initial state at t f = a is
the lower subband I ~) for electron part. Numerical parameters are chosen as hOBO/~o =
O.115686,hOBd~o = 0, ~d~o = 18.0, hgo/~o = 0.1, and gl,2,3 = O. (b) Maximal value
of electronic inversion (Sz) during temporal evolution versus matching ratio hOBO / ~o.
Numerical parameters are the same as in (a). (In the figure, the numerical calculations of
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Figure 9: Time evolution of (a) electronic inversion and (b) mean photon number in the
ninth Zener resonance case: (Sz) and (it) are plotted as a function of a normalized time
t f = ~ot/h~ respectively. Initial state at t = 0 is the vacuum state /0) for the photon part
and the lower subband I ~) for electron part. Numerical parameters are chosen as hw/~o =
0.5, hOBO /~o = 0.115686, hOBd~o = 0.1, ~d~o = 18.0, hgo/~o = 0.1, and hgd~o =
ngzl~o = ng3/~o = 0.01.
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